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INTRODUCTION 
Microstructural characterization of polycrystalline metals is often performed using 
ultrasonic backscatter techniques [1,2,3]. The backscattered diffuse or incoherent signals, 
also called grain noise, contain microstructural information about grain size, orientation, 
and composition which is useful for materials characterization. The grain noise can also 
interfere with flaw detection. Understanding the scattering mechanism is thus important. 
When the time and/or length scales of a backscatter experiment are long compared with 
the time and length scales of the random scattering events occurring within the medium, 
multiple scattering effects become important. The multiple scattering problem has two 
limits. In the limit of early times or weakly scattering materials, and for experiments 
involving focussed transducers, a single scattering approximation has been successful for 
modeling grain noise [1,2,3]. This assumption implies that the incident wave strikes, on 
average, a single scatterer before being detected. In the opposite limit, at late times after 
the energy has scattered many times, the behavior is governed by a diffusion equation 
[4,5]. The intermediate multiple scattering regime has not, however, been fully utilized 
for microstructural characterization possibly because of the lack of an adequate theory 
with which to describe corresponding experiments. 
A method was recently proposed to model the multiple scattering of diffuse 
ultrasound in polycrystalline materials [6,7]. It has its foundations in optical radiative 
transfer theory which was developed to quantify the diffuse scattering of light from 
planetary and stellar atmospheres. The ultrasonic radiative transfer equation (URTE) is 
derived for a polycrystalline medium through an examination of ensemble averaged 
responses of the elastic wave equation by use of the Bethe-Salpeter equation [6,7]. The 
URTE is expected to be valid within the limit of its primary assumption that the material 
heterogeneity is weak. Many materials of interest satisfy this requirement and thus are 
expected to be modeled appropriately by the URTE. 
Both the single scattering and diffusive limits of the URTE are discussed in this 
paper. The URTE is shown to have the appropriate behavior in each limit which provides 
confidence in the URTE as a descriptor for multiply scattered diffuse ultrasound. The 
range of validity of each limit is also examined. It is shown that intuition regarding the 
time scales of the problem may not be entirely correct for predicting the valid range for 
each limit of the multiple scattering problem. 
ULTRASONIC RADIATIVE TRANSFER EQUATION 
Consider a polycrystalline specimen with Voigt average longitudinal and transverse 
wave speeds, CL and Cn immersed in a water bath with wave speed cf" The fourth rank 
elastic moduli tensor is assumed to be of the form 
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(1) 
where C3kl are the Voigt average moduli and Yijkl are the elastic moduli fluctuations which 
depend upon the position vector x. The fluctuations are assumed small such that Y« CO 
and have ensemble average of zero « Y>= 0). The material property of interest is then 
the covariance of the moduli fluctuations, < yy>, which is assumed to be of the fonn 
E is an eighth rank tensor which is independent of position. W is the geometric 
correlation function which defines the probability that two points within the medium, x 
and x', lie within the same crystallite. The form of Eq. (2) implies that all crystallite 
orientations are equally likely and that the material is statistically isotropic and 
statistically homogeneous [4,6]. 
(2) 
The specimen is excited by a normally incident plane wave with incident flux F was 
shown in Fig. 1. The incident field is idealized as a delta function in time as discerned on 
the time scale of the slowly evolving diffuse field. One may think of this field as a short 
tone burst with center frequency, 0). Time domain results for other incident fields may be 
found by convolution. 
The URTE for this problem is [6,7] 
dI(z, t, f..l) _ldI(z,t,f..l) ( )I( ) _ 
f..l dZ + £, dt + ~ + ~ - z,t,f..l -
where the Stokes vector, £, contains the five elastic Stokes parameters, one longitudinal, 
IL, and four shear, Isv, ISH' U, and V which characterize the diffuse intensity. The specific 
intensities IL , Isv' and ISH are proportional to the respective average square longitudinal, 
shear vertical, and shear horizontal displacements and have units of energy per unit area 
per unit time per unit solid angle. U and V are related to the coherent interference 
between the two shear waves which is maintained over long distances because of the 
identical wave speeds of these waves. The Stokes vector is a function of depth, time, and 
the direction of propagation defined by f..l = cos e, where e is the angle between the z axis 
and the direction of propagation. The matrices £" ~, and ~ define the wave speed, 
scattering, and absorption matrices. Absorption will be neglected in the results presented 
here. 
The Mueller matrix, f" governs the scattering between the Stokes parameters which 
comprises the multiple scattering process. Each component, P ij' is of the form 
(4) 
where 0, v, q, and r are the displacement vectors and p and s are the incident and scatter 
directions which are separated by an angle Sps' Thus, f, contains combinations of inner 
products of the covariance of elastic moduli fluctuations and wave vectors. f, is also a 
function of the spatial Fourier transform of the two-point geometric correlation function 
of the material properties given by W. It has been derived for polycrystalline aggregates 
of cubic and hexagonal crystallites and is parametrically dependent upon the excitation 
76 
~-~X""---~-----~z :: 0 
Scattering medium 
z 
/l:: COS e 
~ I(z,t,/l) 
Figure 1. Geometry of the problem. 
frequency, 00. The Mueller matrix contains all of the relevant statistical information 
about the scattering medium. 
The URTE is a first order integro-partial differential equation which, for a general 
Mueller matrix, has nontrivial solutions. The left hand side of the URTE represents the 
propagation and subsequent attenuation (due to both scattering and absorption) of the 
Stokes parameters in the Il direction. The right hand side is composed of two source 
terms. The integral term represents the total energy entering the scattering volume, from 
the Il' direction that scatters into the direction /l. Thus, this term appears as a secondary 
source of intensity. The second term on the right hand side of Eq. (3) containing & is the 
source due to the incident wave that has singly scattered. & is proportional to the flux of 
the incident wave. Numerical solutions for both the steady state and the time dependent 
URTE have been developed [6,7]. 
The single scattering limit of the URTE is the solution of Eq. (3) with the integral 
source term removed. The singly scattered intensities can be obtained in closed form 
[6,7]. For the problem shown in Fig. 1, we can imagine a receiver located in the 
backscatter direction (Il = -1) that is sensitive within a beam of width dO.. The 
pOlycrystalline medium is assumed to contain randomly oriented cubic crystallites. An 
exponential two-point correlation function of the form e -~r is also assumed where ~ is an 
inverse length scale related to the grain size. The excitation frequency may be 
nondimensionlized by defining the longitudinal and transverse frequencies, XL = OO/CL~ 
and XT = OO/CT~' respectively. The time dependent longitudinal intensity singly 
backscattered to this receiver is [7] 
(5) 
where p is the material density, v = CII - C12 - 2C44 is the crystallite anisotropy for a 
cubic crystallite, and (XL and (XT are the longitudinal and transverse attenuations, 
respectively. The normal incidence power transmission coefficient is given by Tfi-. The 
singly scattered intensity given in Eq. (5) from the URTE has the same material, 
frequency, and time dependence as the backscattered power given by Rose [8] using the 
independent scatterer approximation. Thus, the independent scatterer model can be 
considered a single scattering limit of ultrasonic radiative transfer theory. 
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SOLUTIONS OF THE URTE 
Solutions of the entire URTE, Eq. (3), must be obtained numerically for a general 
Mueller matrix [6,7]. The specimen is assumed to be polycrystalline iron with wave 
speed ratio cLICT = 1.827 and dimensionless crystallite anisotropy v/pci = -1.66. An 
exponential two point correlation function was also assumed as discussed above. 
Figure 2 is the backscattered (fl = -1) fluid intensity as a function of dimensionless 
time, ~ = 2crUTt, measured in units of shear intensity mean free time. The multiply 
scattered solution and singly scattered solution are both shown for dimensionless 
frequencies, XT = 0.5 and XT = 3.0. Each of the multiply scattered intensities are equal to 
their respective singly scattered intensities, given by Eq. (5), at time zero as expected. 
This agreement provides confidence in the numerical solution of the URTE. The 
multiply scattered solutions then increase for early times, reach a maximum and begin to 
slowly decay. The location of the multiply scattered peak is a function of the wave speed 
ratio, excitation frequency, and listening direction. The frequency dependence is evident 
in Fig. 2. The higher frequency behavior is characterized by a large forward scattering 
dependence. For this reason the incident energy takes much longer to return to the 
backscatter direction. The more complex structure of the multiply scattered intensity 
highlights the added microstructural information available in the multiply scattered fields 
when compared with the singly scattered. 
The time for the multiply scattered signal to deviate significantly from the singly 
scattered signal may also be examined and compared with the mean free times of the 
scattering medium. This deviation time will provide some idea of the range of validity of 
the single scattering approximation. Dimensional units will be used for clarity. If we let 
~ = 1Olmm, then XT = 0.5 and XT = 3.0 correspond to 2.5 MHz and 15 MHz, respectively. 
In the low frequency case, the multiply scattered intensity is twice the singly scattered 
after 7.77 !-IS. The longitudinal and transverse mean free times for this 
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Figure 2. Backscattered intensity in the fluid as a function of dimensionless time for 
dimensionless frequencies X T = 0.5 (left axis) and X T = 3.0 (right axis) for polycrystalline 
iron. For XT = 0.5 the multiply backscattered intensity is the solid line and the singly 
scattered intensity is the short dashed line. For xT = 3.0 the multiply backscattered 
intensity is the dot-dashed line and the singly scattered intensity is the long dashed line. 
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frequency are 15.1 and 7.18 J.lS, respectively. At the higher frequency the multiply 
scatttered fluid intensity is twice the singly scattered after 0.226 J.lS with the longitudinal 
and transverse mean free times being 0.363 and 0.0977 J.lS, respectively. Thus, the time 
for the multiple scattering to dominate the single scattering falls between the two mean 
free times as one might expect However, the multiple scattering effects can be 
significantly greater than the singly scattered at times earlier than either mean free time as 
shown in Fig. 2. Thus, the applicability of a single scattering approximation may not 
always be apparent based upon examinations of mean free times. 
The solution here has been found assuming an incident plane wave. Experiments 
with focussed transducers are modeled well using a single scattering assumption. The 
finite beam width of the transducer allows little of the multiply scattered energy to reenter 
the beam within the short times in which these experiments are usually conducted. Time 
windowing methods also can be used successfully to gate out a large portion of the 
multiply scattered energy. 
DIFFUSION LIMIT 
At distances far from the source or after times long compared with a mean free 
time, the diffuse intensities will have scattered many times. In this limit the intensities 
will become nearly isotropic and equipartitioned [4,6]. In this same limit, the URTE can 
be reduced to a diffusion equation [4]. In this case the three intensities, Iv Isv, and ISH are 
proportional to the energy density, 'E, which is governed by the diffusion equation. The 
amount of time that must pass before the URTE can be adequately modeled by a 
diffusion equation has not yet been fully investigated. The multiply scattered intensities 
shown in Fig. 2 began exhibiting some type of asymptotic decay after the peak. One may 
suspect that this may be the onset of the diffusion limit which may occur at about 20 
shear mean free times for Xr = 0.5. A diffusive model is now examined and compared 
with the late time behavior of the URTE. 
Consider the nonabsorptive diffusion equation 
B(t)B( _ ') + D a2~z,t) = a~z,t) 
z z az2 at' (6) 
where D is the diffusivity and the source represents an instantaneous deposition of energy 
atz =z'. 
The simplicity of the diffusion equation as compared with the URTE is somewhat 
misleading. Although solutions of the diffusion equation are not difficult to find, the 
proper choice of boundary conditions can be challenging. In order for the diffusion 
equation to be valid, the intensities must be isotropic and equipartitioned everywhere and 
for all times. For incident waves at the specimen surface one would expect these 
assumptions to be met most poorly at the surface - precisely the location in which we 
are interested. However, a possible boundary condition will be theorized here. The 
ability of this boundary condition to fit the URTE adequately will be shown. An 
examination of room acoustics [9] suggests that a cooling boundary condition may be 
applicable. This boundary condition is given as 
a1: D- = h1: at z =0. (7) az 
Thus, the flux is proportional to the energy density at the boundary via an effective 
cooling rate, h given by 
h = CL [ 2K2hr + hL ], 
4 1 + 2K3 
(8) 
where the wave speed ratio K = cdcr. The form of the effective cooling rate given in Eq. 
(8) assumes that the energy is equipartitioned [4]. The modal cooling rates, hL and hro are 
similar to the random incidence absorption coefficients discussed by Pierce [9] for room 
acoustics. In this problem the energy flow from the solid into the fluid is governed by the 
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power transmission coefficients, Tq-(Il) and T;vjll), for longitudinal and shear vertical 
waves, respectively. Examination of the definition of the random incidence absorption 
coefficient [9], leads one to surmise the following definitions of the cooling rates for the 
ultrasonic diffusion equation: 
+1 +1 
hL = 2 f T;;'(Il)wIll, hT = 2 f T;vjll)wIll. (9) 
o o 
From the solution of the diffusion equation, Eq. (6), at the specimen surface with 
cooling boundary condition, Eq. (7), for a deposition of energy also at the surface, z' = 0, 
we find the time dependence of the energy density 
[ 1 h11C h 2tID (h ~r.l] 1:(z=O,t)oc ."ft- -{J5e nfc -{J5'1t), (10) 
where eifc(x) is the complementary error function. 
The solution of the diffusion equation with the cooling boundary condition given by 
Eq. (10) was compared with the backscattered longitudinal intensity found from solution 
of the URTE. The theoretical cooling rate calculated using Eq. (9) was immediately seen 
to provide a poor fit to the backscattered intensity from the URTE. The decay rate and 
correspondingly the cooling rate were not correct. For this reason a best fit was used for 
both the amplitude and the cooling rate. These two parameters in Eq. (10) were adjusted 
until a suitable fit was found. The result is shown in Fig. 3 with amplitudes given by the 
left axis. The solid line is the backscattered intensity in the fluid from the solution of the 
URTE. The dashed line is the solution of the diffusion equation, Eq. (10). The 
convergence at late times is apparent. However, the diffusion solution doesn't appear to 
provide a good fit until times on the order of 100 shear mean free times - much later 
than expected. The theoretical cooling rate was found to be 49% higher than the cooling 
rate required to obtain the fit shown in Fig. 3. 
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Figure 3. Late time behavior of the backscattered intensity as a function of dimensionless 
time for XT = 0.5 for polycrystalline iron. The backscattered fluid intensity (solution of 
the URTE) for an incident longitudinal wave is given by the solid line, with the diffusion 
solution (Eq. (10)) given by the dashed line (left axis). The backscattered shear vertical 
intensity for two incoherent orthogonally polarized shear waves incident is shown as the 
large dash (URTE solution) and small dash (diffusion solution). These two solutions are 
nearly identical for all times (right axis). 
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The quality of the diffusion fit was found to depend upon the material parameters of 
the scattering medium and on the type of incident wave used. In particular, it was found 
that the wave speed ratio, and therefore the attenuation ratio defined as adaT , affected 
the fit considerably. For materials with a lower attenuation ratio, the incident 
longitudinal wave can penetrate much deeper than the shear waves. This penetration 
delays the approach to the diffusive limit of the longitudinal mode when compared with 
the shear modes. 
The propagation mode of the incident wave and scattered wave was also examined 
to see the effect on the diffusion fit. If two incoherent orthogonally polarized transverse 
waves are used as the exciting field, we can examine the backscattered shear vertical 
intensity just beneath the specimen surface. In this case, the diffusive fit improves 
markedly. This type of incident field may not be experimentally realistic but provides 
some insight into the mechanisms which govern the approach to the diffusive limit. This 
result is also shown in Fig. 3 with amplitudes given by the right axis. The large dashed 
line is the backscattered shear vertical intensity just beneath the specimen surface from 
the solution of the URTE. The fit to the diffusion equation, Eq. (10), is given by the 
small dashed line. Both curves are below and to the left of the other results. The fit is 
very good for times as early as 11 shear mean free times. The theoretical cooling rate for 
this problem was 15% higher than the best fit cooling rate which is an improvement from 
the previous case. This result suggests that experiments carried out at oblique angles 
outside the longitudinal critical angle may provide an easier measurement of 
polycrystalline diffusivities which have been proposed as an NDE parameter of interest 
[4]. 
SUMMARY 
The ultrasonic radiative transfer equation (URTE) has been proposed as a model for 
the multiple scattering of ultrasound in polycrystalline media. Both multiple scattering 
limits of the URTE have been discussed in this paper. The single scattering limit of the 
URTE was shown to be valid at early times and was also shown to be equivalent to the 
independent scatterer model [1,2,3]. Multiple scattering effects became significant when 
compared with the single scattering at times on the order of or less than the mean free 
times of the scattering medium. Multiple scattering effects were, however, present to 
some degree earlier than either mean free time. In the opposite limit of the diffusive 
regime, the results presented showed the late times that must pass before the diffusion 
approximation becomes valid. The fit of the diffusion approximation with cooling 
boundary condition to the late time behavior was also shown to be a function of the 
material properties of the scattering medium as well as the propagation mode examined. 
Both of the multiple scattering limits considered here have been used by others for 
microstructural characterization. Thus, one may expect the URTE to model the 
intermediate multiple scattering regime as well. Experiments in this intermediate 
multiple scattering range must be carried out to provide corroboration with the theory. 
The multiply scattered energy contains a wealth of information that would be valuable for 
microstructural characterization. 
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